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We theoretically investigate the phase-locking phenomena between the spectral components of Kerr optical
frequency combs in the dynamical regime of Turing patterns. We show that these Turing patterns display a
particularly strong and robust phase-locking, originating from a cascade of phase-locked triplets which asymp-
totically lead to a global phase-locking between the modes. The local and global phase-locking relationship
defining the shape of the optical pulses are analytically determined. Our analysis also shows that solitons
display a much weaker phase-locking which can be destroyed more easily than in the Turing pattern regime.
Our results indicate that Turing patterns are generally the most suitable for applications requiring the highest
stability. Experimental generation of such combs is also discussed in detail, in excellent agreement with the
numerical simulations.
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Kerr optical frequency combs have been the focus of a
strong interest from the scientific community since their
first generation a few years ago [1]. These combs result
from a four-wave mixing process, where new frequen-
cies are generated through the nonlinear interaction be-
tween the light and the bulk material of a monolithic
whispering-gallery mode (WGM) resonator. Depend-
ing on the frequency and power of the pump laser, this
phenomenology leads to the excitation of equally spaced
spectral lines, thereby forming the so-called Kerr comb.
This multi-wavelength optical source is very promising
for various applications such as high-resolution spec-
troscopy and ultra-stable microwave generation. In the
latter case, the generated microwave corresponds to the
beating between the different spectral modes, and its
phase noise is directly related to the phase relationship
between the comb’s lines [2–4]. The understanding of
the phase-locking process and its robustness with regard
to external perturbations is therefore of the highest im-
portance for ultra-stable microwave generation, and the
objective of this letter is to unveil the mechanisms en-
suring a stable and robust phase-locking between the
modes.
The experimental setup used for Kerr comb generation
is shown on Fig. 1. The output of a continuous-wave
(CW) 1550 nm laser is amplified and coupled to an ultra-
high Q WGM resonator using the evanescent field of a
tapered fiber. Above a given pump power threshold, a
Kerr comb is generated and can be monitored using an
optical spectrum analyzer.
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Fig. 1. Experimental setup.
A spatiotemporal formalism based on the Lugiato-
Lefever equation (LLE) has recently been proposed to
describe Kerr comb generation in WGM resonators [5–
7]. In our case, the LLE can be writtten as [6]:
∂ψ
∂τ
= −(1 + iα)ψ + i|ψ|2ψ − iβ
2
∂2ψ
∂θ2
+ F (1)
where ψ(θ, τ) is the complex amplitude of the overall
field in the cavity, θ ∈ [−pi, pi] is the azimuthal an-
gle along the cavity circumference, τ = t/2τph is the
normalized time, with τph = 1/∆ωtot being the pho-
ton lifetime, ∆ωtot = ω0/Qtot the loaded linewidth,
and Qtot the loaded quality factor. The parameter
α = −2(Ω − ω0)/∆ω stands for the detuning between
the pump laser and the cold resonance frequencies Ω
and ω0, respectively. The parameter β represents the
second-order dispersion of the resonator, while F stands
for the amplitude of the pump laser field.
Various non-trivial solutions can emerge from the LLE
depending on the parameters α, β and F [8, 9]. In the
regime of anomalous dispersion, the time-independent
stationary solutions are either Turing patterns or bright
solitons. In the spatio-temporal description, Turing pat-
terns correspond to an integer number of intensity ex-
trema along the azimuthal direction of the cavity. In the
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Fig. 2. Comparison between experimental (a, c and e) and
theoretical (b, d and f) multiple-FSR spectra of Kerr combs
corresponding to Turing patterns. Various line spacings are
observed ranging from 7 to 88 FSR (41 to 516 GHz).
Fourier domain, these Turing patterns correspond to the
well-known Kerr combs with multiple free-spectral range
(FSR) spacing [10–13].
A few examples of such combs are presented in
Fig. 2. They have been generated in a magnesium flu-
oride (MgF2) resonator with intrinsic Q-factor equal to
1.5 × 109, and a FSR equal to ΩFSR/2pi = 5.86 GHz.
By choosing different resonances, pump powers and fre-
quencies, we were able to obtain different mode spac-
ings, each corresponding to a different integer number
of FSR [10]. For each one of these spectra, numerical
simulations were performed using the split-step Fourier
method on the LLE, and a good agreement with the
experiments was found, hence validating the theoretical
description. In the case of Fig. 2(b), the parameters
used were β = −0.03, α = 1.27 and F 2 = 1.075. For
Fig. 2(d), β is equal to −0.003, α = −1.3 and F 2 = 6.4,
while in Fig. 2(f), β = −0.001, α = −1.87 and F 2 = 14.
In order to investigate theoretically the phase-locking
of Turing patterns and their robustness relatively to
solitons, an intermediate set-point was chosen, with
β = −0.03, α = 0, F 2 = 2.5 and noisy initial conditions,
leading to the generation of the 12-th order Turing pat-
tern shown in Fig. 3(a). Contrary to Turing patterns
which fill entirely the cavity, the bright cavity soliton
is a unique structure spinning in the cavity [13]. The
spectrum of the soliton is therefore composed of spectral
lines separated by only one FSR, as shown on Fig. 3(b)
[α = 3, β = −0.03, F 2 = 3; noisy Gaussian pulse initial
condition]. Cavity solitons are known to be sub-critical
dissipative structures, and in the LLE they appear for
values of α greater than 41/30.
Turing patterns and cavity solitons are the two most
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Fig. 3. Simulated spectra of: (a) A Turing pattern with
L = 12. (b) A cavity soliton.
promising Kerr comb regimes for ultra-pure microwave
generation. They are indeed structurally stable solutions
of the LLE and can be obtained with parameters values
far from chaotic regimes. In this application, the mi-
crowave signal corresponds to the beating between the
different modes of the comb detected by a fast pho-
todiode. In order to evaluate the phase properties of
this beat-frequency, one needs to investigate the relative
phases of the different modal components of the comb.
From an analytical point of view, this task can hardly be
performed using the LLE. Instead, the following modal
decomposition
ψ(θ, τ) =
∑
l
Ψl(τ)e
ilθ (2)
allows to have direct access to the phase ϕ(τ) of the
slowly-varying modal amplitudes Ψl = |Ψl|eiϕ, with l =
` − `0 being the azimuthal eigennumber of the photons
with respect to the pumped mode (the pumped mode is
therefore l = 0, while the sidemodes correspond to l =
±1,±2, . . . ). By plugging the expansion of Eq. (2) inside
the LLE, the following ordinary differential equations
ruling the dynamics of each mode is obtained:
dΨl
dτ
=
[
−(1 + iα) + iβ
2
l2
]
Ψl + δ(l)F
+ i
∑
m,n,p
δ(m− n+ p− l) ΨmΨ∗nΨp , (3)
where δ(x) is the usual Kronecker function, while m,
n, p, and l are eigennumbers labelling the interacting
modes following the interaction ~ωm+~ωp ↔ ~ωn+~ωl.
It is important to note that strict equivalence between
the modal and spatiotemporal models had been demon-
strated in ref. [6], so that the theoretical analysis can
be performed with either formalism depending on their
specific advantages.
The regime of Turing pattern is essentially originat-
ing from modulational instability, which was analyzed
in detail in refs. [11–15]. Turing patterns actually arise
from the following cascade of interactions. When the
pump is set above the threshold F 2th = 1 + (1 − α)2,
the modes around ±lth with lth = [(2(α − 2)/β)]1/2 ex-
perience positive gain and are thereby excited. After
a transient dynamics characterized by modal competi-
tion, two symmetric sidemodes ±L ' ±lth are stabi-
lized around the pump and the net flux of photons fol-
lows the degenerate interaction 2~ω0 → ~ωL + ~ω−L.
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Fig. 4. Time evolution of the relative phases of the 4 first
modes of the Turing pattern of Fig. 2(a). After a delay in-
creasing with the mode number, the relative phases reach a
constant value, the Kerr comb becoming phase-locked.
From then, the sidemodes ±L provide in their turn a
net flux of photons to the sidemodes ±2L using inter-
actions ~ω0 + ~ω±L → ~ω∓L + ~ω±2L. This cascaded
process is further generalized later through the inter-
actions ~ω0 + ~ω±L → ~ω∓kL + ~ω±(k+1)L where the
sidemodes ±kL provide a net flux of photons to the side-
modes ±(k+ 1)L. This cascaded fountain effect asymp-
totically yields a Kerr comb characterized by a multiple-
FSR spacing of multiplicity L. The effect of this cascad-
ing mechanism can be observed in Fig. 4, displaying the
phase dynamics of the 12-th order Turing patterns of
Fig. 3(a). It can be clearly seen that after a transient
dynamics, the various modal phases φl = ϕl − ϕ0 with
respect to the pump are reaching a time-independent
value. The phase stabilization occurs first for the mode
l = 12, and then to l = 24, l = 36, and so on.
It is important to note that the phase locking value de-
pends on the initial condition, as illustrated on Fig. 5(a),
where the phase difference φl = ϕl − ϕ0 for l = 12
has been plotted for different initial conditions. This
phenomenon is true for all the excited modes of the
Turing pattern. However, it can be shown that an in-
trinsic phase-locking relationship takes place between
the modes of the comb. According to the scenario de-
scribed earlier, a given mode kL mainly interacts with
its two neighboring modes (k ± 1)L. In the steady
state (dΨkL/dτ ≡ 0), this three-mode interaction can
be rewritten as
κkLΨkL = δ(k)F + |ΨkL|2ΨkL
2{|Ψ(k−1)L|2ΨkL + |Ψ(k+1)L|2ΨkL
+Ψ(k−1)LΨ∗kLΨ(k+1)L} (4)
with κl = −(1 + iα) + iβl2/2. By extracting the phases
in this relashionship, it appears that consecutive triplets
of modes are necessarily phase-locked according to
ξk = ϕ(k−1)L − 2ϕkL + ϕ(k+1)L = Constant . (5)
Hence, the phases ϕkL might individually have an
asymptotic value that depends on the initial condi-
tions, but for the same Turing pattern, the combination
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Fig. 5. Phase-locking behavior for different noisy initial con-
ditions. (a) Phase difference φ12 = ϕ12 − ϕ0. Evidence of
triplet phase-locking ((b), ξ2 is constant) and global phase-
locking ((c), Ξ5 is constant).
ϕ(k−1)L − 2ϕkL + ϕ(k+1)L will be independent of initial
conditions and will converge to the same value ξk, as it
can be seen in Fig. 5(b). The value of ξk depends only
on the parameters α, β, F and k. The sequence is there-
fore the following: initially, the triplet {−L, 0, L} is the
first to phase-lock. Then the two triplets {0,±L,±2L}
phase lock, and later on, all the cascade of triplets
{±(k − 1)L,±kL,±(k + 1)L} as k → +∞ successively
phase lock as well.
This sequence of triplet phase-locking ultimately leads
to a global phase coupling through a cascaded process,
and the global phase-locking relationship can be ob-
tained by considering that since any ξk is constant, so
is any linear combination of them. In particular, if we
consider 2N + 1 oscillating modes in a Turing pattern
comb (the pump and N excited modes on each side), we
can show that,
ΞN =
1
2
k=N−1∑
k=−(N−1)
[1− (−1)N+k] ξk
= ϕ−NL + 2
k=N−1∑
k=−(N−1)
(−1)N+kϕ
kL
+ ϕ
NL
= Constant . (6)
If we consider for example the 7 oscillating modes that
are visible in Fig. 3(a), this global phase locking relation-
ship simply reads Ξ3 = ϕ−36 − 2ϕ−24 + 2ϕ−12 − 2ϕ0 +
2ϕ12 − 2ϕ24 + ϕ36 = Constant. This relationship can
include more modes if needed [for example the modes
l = ±48, which are indeed oscillating as it can be seen in
Fig. 4(d)]. Hence, when the permanent state is reached,
the linear combination ΞN which involves all the modal
phases is a constant that is independent of the initial
conditions, as evidenced by Fig. 5(c). These intrinsic
phase relations ξk and ΞN are therefore responsible for
the shape of the Kerr comb in the Turing pattern regime.
In order to test the robustness of the phase-locking
in both the Turing pattern and the soliton regimes,
we introduce a perturbation after the stationary state
is reached: the phase of the pump signal is abruptly
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Fig. 6. Variation of the relative phases ∆φl of different spectral modes of the Kerr combs while the pump signal undergoes an
abrupt phase transition. (a) and (c): Case of the Turing pattern of Fig. 3(a). (b) and (d): Case of the bright soliton comb
of Fig. 3(b). At t = 0, the phase of the pump is shifted by pi/5 in (a) and (b) and by pi/2 for (c) and (d). In the pi/5 phase
shift case, oscillations in the relative phases of the comb’s lines are observed, but the phase-locking returns to its previous state
and value. The amplitude and duration of these oscillations are much larger in the case of the bright soliton compared to the
Turing patterns case. In the pi/2 phase shift case, while the phase locking of the Turing pattern is maintained, the soliton is
destroyed, and thus the phase locking.
shifted by constant offset, and we monitor the difference
∆φl(t) = φl(t)−φstl , with φl = ϕl−ϕ0. When the offset
in the pump phase is set to pi/5, the relative phases of the
different modes oscillate in response to this perturbation,
but the phase-locking is preserved. In the case of the
Turing patterns, the phase oscillations are of small am-
plitude with respect to the perturbation, and decrease
when the mode number increases, as if the perturbation
was attenuated during its propagation to higher order
modes. In contrast, the amplitudes of the phase oscil-
lations of the soliton are larger than the initial stimu-
lus, and do not substantially decrease for higher order
modes. This result indicates that Turing patterns are
more robust to external phase perturbations, and could
lead to better phase-noise performances. To strengthen
this claim, the phase-shift of the pump signal was in-
creased to pi/2, and the resulting phase evolution is plot-
ted in Fig. 6(c) and (d). The Turing pattern behavior
remains very stable and identically phase-locked, while
the soliton is destroyed (as well as the phase-locking).
In this work we have given an insight into the dynam-
ics of phase-locking in a Kerr frequency comb. The fact
that the photonic interactions are strongly dominated
by exchange of microwave photons of energy L× ~ΩFSR
is a direct consequence of the modulational instability,
which generates the highest gain for photons whose offset
frequency relatively to the pump is precisely L× ΩFSR.
We have analytically demonstrated that phase-locking in
Turing patterns is achieved through a cascaded phase-
locking of adjacent triplets, which ultimately leads to
a global phase-locking relationship that we have deter-
mined. We have also shown that Turing patterns are
more robust than solitons with regards to external per-
turbations, thereby demonstrating their stronger poten-
tial for ultra-stable microwave generation.
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